Abstract. We show that the Witten-Reshetikhin-Turaev SU (2) invariant and the Hennings invariant associated to the restricted quantum sl2 are essentially the same for rational homology 3-spheres.
Introduction
After the discovery of the Jones polynomial, Witten proposed in [W] an invariant of 3-manifolds using the Chern-Simons theory. The first 'mathematically rigorous' construction of this invariant was obtained by Reshetikhin and Turaev in [RT] using the representation theory of the quantum group U ζ (sl 2 ) at a root of unity ζ. This invariant, denoted τ ζ , is now known as the Witten-Reshetikhin-Turaev SU (2) invariant, or the WRT SU (2) invariant in short. On the other hand Hennings showed in [He] that one can define a 3-manifold invariant ψ ζ , called the Hennings invariant, independent of the representation theory. In this note we will show that these two invariants are essentially the same. More precisely we have Theorem 1. Let M be a closed 3-manifold and ζ a root of unity of order ℓ > 1 then
where h(M ) is the order of the first homology group if it is finite and zero otherwise.
This theorem will be proved in Section 5. The same relation was shown in [CKS] for the WRT SO(3) invariant and the Hennings invariant associated to the small quantum sl 2 . In general the restricted quantum groups are harder to deal with than the corresponding small ones. One new obstacle in the proof of the SU (2) case is to show Lemma 3. We will also give a much simplified proof of a key lemma, Lemma 8 in [CKS] .
Remark 1.1. Kauffman and Radford compared ψ ζ and τ ζ in [KR2] when ℓ = 8 and M is the Lens space L(k, 1). Their calculation confirms the above theorem. Note that in their corollary on page 154 IN V (L(k, 1)) should be equal to |k|.
As a consequence of the above theorem we have the following corollary.
Corollary 2. If (ℓ, h(M )) = 1 then the WRT SU (2) invariant τ ζ (M ) is always an algebraic integer. Sketch of Proof. Let B ζ be the Borel subalgebra of U ζ (sl 2 ). Its quantum double D ζ := D(B ζ ) is a ribbon Hopf algebra, c.f. [KR1] . Letψ ζ be the Hennings invariant constructed from D ζ . It is proved in [CK] that ψ ζ (M ) is an algebraic integer for any closed 3-manifold M . Furthermorê ψ ζ (M ) = η ψ ζ (M ) for some eighth root of unity. Therefore ψ ζ (M ) is also an algebraic integer. Theorem 1 then says that the only possible denominator for τ ζ (M ) is h (M ) . But according to [KM] the only possible denominators for τ ζ (M ) are factors of ℓ. Since ℓ and M are coprime we have τ ζ (M ) is an algebraic integer. Remark 1.2. Special cases of the corollary were studied extensively by many authors. Murakami proved it in [M] when ℓ is a prime. His proof was simplified by Masbaum and Roberts in [MR] using the Kauffman Bracket. Later Habiro proved it in [H2] for all integral homology 3-spheres without any restriction on ℓ. Integrality is a very important property for quantum invariants because integral invariants can be used to extract topological information, c.f. [GKP, CL1] , and to construct TQFTs over Dedekind domains, c.f. [G, CL2] . We believe that some similar relation between the WRT and Hennings invariants exists for higher ranked quantum groups. Our proof of the integrality can then be used to prove the integrality for all WRT invariants.
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The restricted quantum group
Fix a root of unity ζ of order ℓ > 1. To simplify the arguments we will just take ζ = e 2πi/ℓ and ζ a = e 2πia/ℓ . Also set θ = ζ 1/2 . The restricted quantum group U ζ = U ζ (sl 2 ) is a C-algebra generated by E, F, K and K −1 with the relations:
It is a Hopf algebra with the comultiplication ∆, antipode S and counit ǫ given by
Then one has
Recall that an element x in a Hopf algebra H is said to be a cointegral if xy = yx = ǫ(y)x, ∀y ∈ H. An element f in H * is said to be a left integral if gf = g(1)f , ∀g ∈ H * . It is known that U ζ contains a nonzero cointegral
and a nonzero left integral
Denote the quantum integer by
Here D is the diagonal part with
Furthermore U ζ is a ribbon Hopf algebra whose ribbon element r and its inverse r −1 , see (5) below, belong to the Hopf subalgebra U ev ζ generated by E, F and K 2 . We follow [F] to describe the center Z ev of U ev ζ . Note that their K and q are equal to our K 2 and θ respectively. The dimension of Z ev is 3ℓ − 1 with a basis e i , w ± j , 0 ≤ i ≤ ℓ and 1 ≤ j ≤ ℓ − 1. These elements satisfy
To simplify notation we will consider w
The ribbon element r and its inverse r −1 are in Z ev :
where w m := w + m + w − m and Figure 1 . Basic diagram labels.
The universal invariant of bottom tangles
The definition of the universal invariant is the same as Section 2.2 in [CKS] . See also [He, H1, O1] . We include it here for ease of reading. A bottom tangle is an oriented framed tangle properly embedded in R 2 × [0, 1) such that its i-th component starts from (0, 2i, 0) and ends at (0, 2i − 1, 0). Note that bottom tangles do not have circle components. Bottom tangles are considered equivalent up to ambient isotopy relative to boundary. The universal U ζ -invariant Γ ζ of bottom tangles can be calculated as follows. Let T be a bottom tangle. Choose a generic diagram of T and label it according to Figure 1 , where R = R 1 ⊗R 2 is the universal R-matrix and S is the antipode. Multiply the labels on each component, opposite to the orientation, to obtain an element in U ζ . The tensor product of the elements from all components is the universal invariant Γ ζ (T ). Clearly if T has m-component then Γ ζ (T ) is in U ⊗m ζ . But one can say a little more about the value of Γ ζ (T ). Let's first recall that for a Hopf algebra A and an A-module W , the invariant submodule Inv(W ) is equal to {w ∈ W | a(w) = ǫ(a)w, ∀a ∈ A}. The adjoint action makes A to be an A-module, i.e. ad a (b) = (a) a ′ bS(a ′′ ).
Lemma 3. Let T be an m-component bottom tangle such thatT has 0 linking matrix. Then
⊗m . This will follow from [H1] Corollary 9.15, i.e. we need to show that (a) if x⊗y is in (U ev ζ ) ⊗2 then so are ad R 2 (y)⊗ad R 1 (x) and ad S(R 1 ) (y)⊗ ad R 2 (x); (b) if x is in U ev ζ then so are R 2 S(ad R 1 (x)) and
where B's natural closure is the Borromean ring.
These four statements follow from direct calculation. We will only show detail for (c, d) 
It belongs to U ev ζ because
(2m+2|x ′′ |−j) vanishes when j is odd. The other half of (c) can be calculated similarly.
As for (d) we note that only the diagonal part D of R contributes to Γ ζ possible elements outside of U ev ζ . One can slide the diagonal parts to the same place using:
Therefore the sliding only inserts even powers of K in some places. Since the Borromean ring has 0 linking matrix the diagonal parts got canceled after they are slided to the same place. Therefore Γ ζ (B) is in U ev ζ .
The 3-manifold invariants
The WRT invariant and the Hennings invariant can be both calculated from Γ ζ in Section 3. Let M be a closed 3-manifold and T be an mcomponent bottom tangle such that M is the result of surgery onT , the natural closure of T . The Hennings invariant
where σ ± is the number of positive/negative eigenvalues of the linking matrix ofT . The discrepancy in sign is due to the fact that the value of Γ ζ at the trivial bottom tangle with a positive twist is r −1 .
To define the WRT invariant we need to consider the representations of U ζ . For 1 ≤ n ≤ ℓ − 1 let V n be the irreducible representation of U ζ of dimension n. Recall that for any U ζ -module V the quantum trace tr V q : U ζ → C is defined by tr V q (x) = tr V (K 2 x), where tr V is the ordinary trace on V . The WRT invariant of M is
where tr ω q = ℓ−1 n=1
[n]tr Vn q .
Proof of the main theorem
The proof is divided into three cases: (i) h(M ) = 0, i.e. M has infinite first homology;
(ii) h(M ) = 0 and M is the result of surgery on a link with diagonal linking matrix; (iii) h(M ) = 0 and M can not be obtained by surgery on a link with diagonal linking matrix. Case (i) follows from the fact ψ ζ (M ) = 0 if M has infinite first homology according to [O1, K2] .
Case (ii) will be proved in 5.3.
To show (iii) we recall from [O2] that in this case there exist lens spaces L(n i , 1), i = 1 . . . m such that
is the result of surgery on a link with diagonal linking matrix. By (ii) we have
, which is the same as (because ψ ζ , τ ζ and h are multiplicative with respect to connected sum):
It remains to note that τ ζ (L(n i , 1)) = 0, c.f. [LL] , and ψ ζ (L(n i , 1)) = |n i |τ ζ (L(n i , 1)) by (ii).
5.1. Some lemmas about the center. We will need some preparation lemmas that will lead to a proof of (ii) in 5.3. Denote byZ ev the subset of Z ev spanned by e m , 0 ≤ m ≤ ℓ, and w n , 1 ≤ n < ℓ. The following lemma follows from [F] Proposition D.1.1.
The next lemma deals with the value of the left integral λ, c.f. (3), on the center.
Lemma 5. The left integral λ vanishes onZ ev and
Proof. By Lemma 4 the first half is equivalent to
Because C i = F i E i + terms with lower degree of E we see that (9) holds for 0 ≤ i < ℓ − 1. It is known, c.f. (3.6) in [F] , that
This implies (9) by induction. Equation (8) follows from (4.19) in [F] .
Next we discuss the restriction of tr ω q onZ ev . Lemma 6. We have
and tr
Proof. Recall that V n is the n-dimensional U ζ -module such that
This lemma follows easily from the above equation and (D.3-5) in [F] .
It turns out that λ and tr ω q are closely related:
Lemma 7. For any x ∈Z ev and n ∈ N, We only need to prove (13) for x = e j and x = w j . If x = e j then λ(xr ±n ) λ(r ±1 ) = n a
. If x = w j then both sides of (13) is 0.
An improvement of Lemma 3.
For any A-module W of a Hopf algebra A setW = W/{ax − ǫ(a)x, ∀a ∈ A, x ∈ W } . It is clear thatW inherits a trivial A-module structure from W .
Since U ζ contains a cointegral Λ, λ factors throughŪ ζ , c.f. Proposition 8 in [LS] . It is known that tr V q also factors throughŪ ζ for any U ζ -module V , c.f. Section 7.2 in [H1] . We will also need the following lemma whose proof is immediate. The following key lemma is an improvement of Lemma 3. It is similar to Lemma 8 in [CKS] , which was proved in a much more complicated way.
Lemma 9. Let T be an m-component bottom tangle whose natural closurê T has 0 linking matrix. If
Proof. We need another version of quantum sl 2 . LetÛ ζ be the C-algebra generated by the same generators with the same relations as U ζ but omitting (2). Denote by p the canonical projection ofÛ ζ to U ζ . The algebraÛ ζ itself is not quasi-triangular but there exists in some completion ofÛ ζ ⊗Û ζ a universal R-matrixR
HereD is the diagonal part, which satisfies the same relation as D in (6):
One can use Fig. 1 to define the universal invariantΓ ζ associated toÛ ζ . SinceT has 0 linking matrix one can cancel the diagonal parts by sliding them to the same place using (14). Comparing the formulas of R andR it is then clear that
The proof of Lemma 3 can be used word for word to show thatΓ ζ (T ) ∈ (Û ev ζ ) ⊗m . SinceŪ ev ζ inherits a trivialÛ ev ζ -module structure from the adjoint action andχ i := χ • p factors throughŪ ev ζ we have
According to [DK] Theorem 4.2, Center(Û ev ζ ) is generated by E ℓ , F ℓ , K ±ℓ and C. Note that their K and ǫ are equal to our K 2 and θ respectively. From (15) we have (Id ⊗ χ 2 ⊗ · · · ⊗ χ m )Γ ζ (T ) = p • (Id ⊗χ 2 ⊗ · · · ⊗χ m )Γ ζ (T ) , which is a polynomial in K ±ℓ and C. It remains to note that K ±ℓ can be expressed as a polynomial in C, c.f. (4.2.8) in [DK] and (10). This ends the proof of (ii) and hence the proof of Theorem 1.
